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Computational Study of Transonic Equivalence Rule with Lift
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Northwestern Polytechnical University, Xi’an, Shaanxi 710072, People’s Republic of China

and

Lixia Wangt
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The transonic equivalence rule with lift is studied computationally using the full-potential code. Two
pairs of equivalent wings are designed according to the assumptions of the equivalence rule at freestream
Mach number = 0.94. One pair of equivalent wings has a concorde-like planform and the other pair has
a delta planform with sine tip-fairing. The computed pressure distributions in the outer flowfield of the
two pairs of equivalent wings and the wave drag coefficients of the former pair are analyzed, and the

equivalence rule is verified.

I. Introduction

HE steady transonic small-disturbance flows past a three-

dimensional wing have been analyzed by Cheng and
Hafez,' using the method of asymptotic expansions, leading to
the establishment of the transonic equivalence rule with lift. A
transonic-flow experiment, designed to study the equivalence
rule with 1ift, was carried out by Chan.”> The experiments suc-
ceeded in substantiating the equivalence rule with lift. How-
ever, the experimental investigations inevitably involve inter-
action of the shock wave and the boundary layer on the wing.
Thus, an inviscid flowfield computation of the transonic flow
about the wing should provide a more concrete verification of
the theory of transonic equivalence rule.’

A computational study of the transonic equivalence rule at
zero lift was provided by Caughey and Jameson.* The present
paper attempts to study computationally the transonic equiv-
alence rule with lift. As pointed out in Ref. 3, several require-
ments of the transonic equivalence rule with lift are not met
in the experiments of Ref. 2. It is essential to observe the
assumptions made in the theory of Ref. 1 in this computational
study.

In the present paper, the theoretical results of the transonic
equivalence rule with lift are first outlined. The design of two
pairs of equivalent wing models for the computations is then
described. The computational results are analyzed in the par-
ametric forms defined by the equivalence rule, and the equiv-
alence rule with lift is verified.

II. Coordinates, Wing, and Flow Parameters

The Cartesian coordinates x, y, and z are introduced with
the x axis parallel to the freestream velocity U., and the z axis
pointing in the lift direction. They are nondimensionalized by
two parameters of the wing, [ and b:

i:x/l, f:y/b, z=z/b (1)
where [ is the streamwise length of the wing and may be taken
as the root chord co, and b is the half-span of the wing.
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To simplify this work, the tilde will be omitted. The ratio
of b to [ is denoted by A

N =D/l 2)

and is referred to as the sweep parameter of the wing.

The wings considered in this paper have a symmetric plane,
which is taken to be the plane y = 0. The spanwise outermost
edges of the wing and trailing vortex sheet are defined by the
local half-span at x station a(x), which is nondimensionalized
by b.

The upper and lower surfaces of the wing that lie close to
the plane z = 0 are defined by

Z(x,y) = l[aZox, y) + 7Zi(x, y)] (3)

Z(x, y) = llaZo(x, y) = vZi(x, y)] €]
where Z(x, y) is the generalized camber function, Z,(x, y) is the
thickness function, and o and T are the generalized camber and
thickness ratios, respectively.

In the transonic equivalence rule with lift, both o and 7 are
assumed to be small quantities, and

a=0(") 5)

The sweep parameter A, however, may take values of order one.

The reduced cross-sectional area of the wing is given by

a(x)
S(x)=2 f
—ax)

The freestream Mach number is assumed to be close to 1, and

Zy(x, y) dy (6)

[1 — M2|=0(7) @)

For the similarity study of transonic small-disturbance flow,
the outer transverse coordinates should be scaled by a small
parameter &

m =&y, {=ez 8)
where € &> 0 as T — 0. The outer flow variables are then x,
M, and (.
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III. Transonic Equivalence Rule

In the theory of the transonic equivalence rule, the transonic
similarity parameter is defined as

M2 — 1
Ke—e 1 )
(y + DM27\

where vy is the gas specific-heat ratio.
The outer transverse-coordinates scale parameter is given by
the theory

e=[(y + DMZt\]"? (10)

Another parameter o related to lift is introduced in the the-
ory

(v + 1)1/2an7\3/2
o =T (1)

The function related to the axial distribution of the lift on
the wing is defined in the equivalence theory

a(x)
Fx) = f [Solx, Y)] dy (12)

—alx)

where [so(x, ¥)] is the potential jump across the wing deter-
mined by the linear transonic (or slender-body) theory, and is
normalized by aU.. b, and F(x) signifies the lift in front of the
x station of the wing.

The axial distribution function of the cross-sectional area of
the equivalent body is defined as

$.x) = S.0) + o2 [ﬂ <|ens| + l) SEACI ﬂ}

8 2 2 (y+ N
(13)
with
| at) s |
E(x) =— f f [go(X, S)]s[go(X, Y)]y €n ds dy
AT | o J-aw ly = s
(14)
| ato  pato
T(x) = — f f [so(x, )].[so(x, V). €n ds dy
AT ) o J-awo ly — 5|
(15)

where the subscripts x, y, and s refer to partial derivatives, and
the second term of the expression for S.(x) is the contribution
resulting from lift.

The transonic equivalence rule with lift states that the outer
flow structure at a given K, including the pressure distribution
and the wave drag, is identical in their reduced forms as long
as the functions oF(x) and S.(x) remain the same. The reduced
pressure coefficient in the outer flowfield is ¢,/T\, and the re-
duced wave drag coefficient is ¢, /T°\. Thus, the equivalence
rule can be expressed for the reduced pressure coefficient

== fm, £ K) (16)
and for the reduced wave drag coefficient

co T\ = g(K) (17)
The latter equation is derived by the conservation law of mo-

mentum. The wave drag of wing is evaluated as a far-field
cylindrical surface integral of axial-momentum flux. It is noted

that Eq. (17) is different from that given by Eq. (5.2) of Ref.
1, which in the present notation becomes

CDW
ey g(K) (18)

IV. Choice of Potential Jump Function
To design equivalent wings, the normalized potential jump
function [so(x, )] is chosen according to the assumptions used
in the analyses of Ref. 1. The assumptions are that, along the
leading edge of the wing, the function and its partial deriva-
tives with respect to x and y vanish. The choice is

2 2 3/2
[solx, Y)] = 3 a(x) [1 -2 } (19)

a’(x)

In the theory of Ref. 1, the generalized camber function
Zy(x, y) is related to the potential jump function as given by
the linear transonic theory
ato

1 d
Zo(x, y) =—PV f [solx, YDl =
2 Y —

—a(x) 1

(20)

where PV denotes the principal value. With the previous
choice of [s¢(x, y)], the function Zy(x, y) is evaluated:

2

y 1
Zox,y)=—F—"—— 21
olx, ) Z0 2 21)
Along the leading edges of the wing, y = a(x), Eq. (21)
yields

Zolx, a)] = 3 (22)

which is positive and signifies that the wing has drooped lead-
ing edges.
Integrating Eq. (21) with respect to x yields

d
Zox, y) =y f ch) - % + C(y) (23)

where C(y) is a function to be determined by assuming ap-
propriate geometric conditions on the wing.

With the expression of [so(x, ¥)] [Eq. (19)], the lift-related
functions F(x), E(x), and T(x) are evaluated

F(x) = (m/4)a’(x) (24)

E(x) = (m/24)a’(x) (25)
2 2 2 1

T(x) = (w/16)a"(x)a’(x) {En |:—:| + _} (26)
a(x) 8

where the prime symbol denotes derivative, and the function
S.(x) becomes
2 2
moa(x)
SAx) =S (x) + ———
(x) = Sx) oy

3 SN I S
X {Za (x) |:|€n el + €n s + 8} + - 1))\2}
(27)

The thickness function Z,(x, y) is to be determined for equiv-
alent wings by keeping S.(x) the same.

V. Design of Equivalent Wings
Equivalent wing models are designed for computations. The
freestream Mach number and the gas specific-heat ratio take
the same values for equivalent wings. The transonic similarity
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parameter K [Eq. (9)] should be the same for equivalent wings.
Therefore

TN = Tohs (28)

where the subscripts 1 and 2 denote two equivalent wings.

As the lift function F(x) is the same for two equivalent
wings, the lift parameter o [Eq. (11)] should be the same for
the two wings. With the combination of Eq. (28), this require-
ment gives

0‘1)\% = az)\i (29)

Under condition (28), the equivalence rule for the reduced
pressure coefficient (16) becomes

cpi(x, M, ) = cpolx, m, ) (30)

and the equivalence rule for the reduced wave drag coefficient
[Eq. (17)] becomes

CDwl _ E (31)

Cp,, A 1

The coordinates of the upper and lower surfaces of the two
equivalent wing models are evaluated by Egs. (3) and (4). The
generalized camber function Z(x, y) is the same for the two
wings, as given by Eq. (23). The thickness function Z,(x, y) is
different for the two wings. The thickness function of one
wing, Z,,(x, ), is chosen as that of the NACA four-digit wing
sections™

Zu(x, y) = 1—0_20@) (0.29690x"> — 0.12600x,
— 0.35160x7 + 0.28430x7 — 0.10150x7) (32)
where
X — X
X, = 1_—)6181 (33)
xy) = % arccos(1 — 2y) (34)

The thickness function of the other wing is calculated from
having the same axial distribution of cross-sectional area of
the equivalent body, SAx) [Eq. (27)]

Zx(x,y) = Zi(x, y) + h(0)[alx) — y] (35)
where
1 1 1
+W/+1<>\_?_>\_§>] oo

VI. Concorde-Like Wing

The leading-edge contour function a(x) is chosen to ensure
F'(x) vanishing at the upstream and downstream ends of the
wing. Two different choices of a(x) are made. The first choice
is a concorde-like wing

a(x) = 3(1 — cos mx) 37
The trailing edge of the wing is taken as a straight line

through the wing tips. The planform thus formed is concorde-
like, as shown in Fig. 1.

Table 1 Equivalent concorde-like wings

Wing A\ T a e
1 3 0.09 0.3 0.2378
1 0.06 0.1333 0.3567

Fig. 1 Planforms of equivalent wings.

For the concorde-like wing [Eq. (37)], the generalized cam-
ber function Zy(x, y) becomes

4y? 1 ™ X
Zox,y) = — |1 + — t——-—=—+C
o%, ¥) 3 ( 1 — cos 1'rx> €0 2 2 )
(38)

It is reasonable to assume that all midpoints of the local
chords lie on the plane z = 0. The midpoint of the local chord
is at

xy) = 3[1 + (1/m)arccos(l — 2y)] (39)
The condition that Zy(x, y) vanishes at x = x,(y) yields
TXAY) | XlY)

4y? 1
C(y) = 2y 1+ cot +
31 1 — cos mx,(y) 2 2
(40)

According to Egs. (28) and (29), the first pair of equivalent
wing models are designed. Their parameters are listed in Table
1, where M. = 0.94 and y = 1.4. The preceding values of &
are not as small as the equivalence rule requires. However, it
would provide a verification of the application extent of the
equivalence rule. The two wing models have the same tran-
sonic similarity parameter K [Eq. (9)] and the same lift param-
eter o [Eq. (11)]

K =-0.9148, o = 0.7927 41

VII. Delta Wings with Sine Tip-Fairing
The second choice of the leading-edge contour function a(x)
is delta wing with sine tip-fairing

a(x) = (by/b)x 42)

for 0 = x = x,, and

by 2 . TX — Xo
alx) = 5 |:x0 + - (1 — xo)sin (2 - xo)] 43)

for xo = x = 1, where x, is the x coordinate of the upstream
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Table 2 Equivalent delta wings with sine
tip-fairing

Wing N T a e
3 0.4725 0.09 0.3 0.1419
4 0.8183 0.05196 0.1 0.2457
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Fig. 2 Computational planform of concorde-like wings.

endpoint of sine tip-fairing, and b, is the semispan of a wing
without tip-fairing

blby = xo + 2/m)(1 — xo) (44)

The trailing edge of the wing is taken as a straight line
through the wing tips. The planform for xo = 1/2 is shown in
Fig. 1.

For the delta wing with sine tip-fairing, the generalized cam-
ber function Zy(x, y), [Eq. (23)], becomes

b\ y?
Zox, y) = —(b—> y; - g + () (45)

for 0 = x = x,, and
2 2
Zo(x, y) = (2—by> { 5 (1~ xo)
’ by x2 — (@m0 — xo)?
% |: sin & _ i:|
Xo + 2/m)(A — xo)cos & xo

_ X1 — Xo) . Xo — /)1 — x0) "
[xa — @mr( — x0T @m0 — xo)

1
X tané—l - — —£+C1(y) (46)
2 Xo 2
for xo = x = 1, where
Tl —x
== 47
¢ 21— xo (47)

The integration constant C,(y) in Egs. (45) and (46) is de-
termined by the condition that Z(x, y) vanishes at all the mid-
points of local chords of the wing. For the present study, the
location of the upstream end of tip-fairing is taken as

Xo = % (48)
For this case
b\ )
Yy Xnl Y
C =(— + — 49
) (b) w2 “49)

Table 3 Computed drag coefficients

Wing o Cn ‘n,
1 0.02124 0.01147 0.00977
2 0.00928 0.00375 0.00553
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Fig. 3 Computed velocity potential jumps along trailing edge.

where x,(y) locates the midpoint of the local chord of the wing

1 blb,
Bly) = % (50)

for 0 = y = by/2b, and

1 +x 1—x L [(mb Yy — X
o — + —_——0 51
X, y) > - arcsin (2 bl = x B

for bo/2b =y = 1.

The parameters of the second pair of equivalent wings are
listed in Table 2, where M.. = 0.94 and y = 1.4. The transonic
similarity parameter K [Eq. (9)] and the lift parameter o [Eq.
(11)] are the same for the two wings

K =-1.2909, o = 0.4729 (52)

VIII. Computations

The full potential flow around the four wing models at M.,
= 0.94 are calculated by a multigrid version of Flo-27, which
is based on the finite volume method of Jameson and
Caughey.®” The fine grid is 160 X 32 X 24 in x, y, and z
directions, respectively. The multigrid level is three. The con-
vergence tolerance required is that the average residual is re-
duced by 3 X 107> Under this condition, the solutions are
generally converged to four significant figures in force coef-
ficients.

The Flo-27 code requires that the taper ratio of the computed
wing not be zero, and the leading-edge sweep angle should
not be close to 90 deg. Accordingly, the concorde-like wing
planform is modified at both root and tip, and the delta wing
planform is modified at tip. The root section of the concorde-
like wing models is replaced by the section with leading edge
at x = 0.05. And a tip section is created for both wing plan-
forms by using the section with leading edge at x = 0.95. The
computational planform of the concorde-like wing models is
shown in Fig. 2, as compared with the original planform. It is
seen that the overall modifications to the wing geometries are
rather minor.

The computation gives the velocity potential and pressure
coefficient at all grid points in the flowfield around the wing,
and the lift, pitching moment coefficient, and pressure drag



LUO AND WANG 43

: : r 0.1 T T Y T . v T T T
g g Ao O H : : | : :
RO .
: + 0 : OF -0 DO O Ok ++b‘°* o+ A
Yo 1 : : B
: : ‘-ii ‘*to
E <P gr 3 * s
N7 Gl IS )
o
E +
[s]
+
o
b 8-02t +y R
+0
1 N + Wing 1
0.8 e e 40 . R 4
4 Al oWing 2
©
£
: -04F ég B
: . &
: : : +
~0.45 . A i i L ' . " L 05 i i 1 1 + L L L i
1 08 -06 -04 -02 0 02 04 06 08 1 1 08 -06 -04 -02 0 02 04 06 08 1
a) 4 e) ¢
0.1 T T T T T T T y T 01 T T r T " , T T
+Or & R/
+ Wing 1
_oab L . 4 Y] SUTRO Wing 2 i
s Wing 1 o Wing
I oWing2 ~06} : : i » E
-04F - 694' F el . 4 : : » :
o * -0.7F H i
05 : . : H ; H ; \ L 0 L L 3 ; i L | )
1 08 -06 -04 -0.2 0 02 04 06 08 1 8% 06 04 -0z [ 0.2 0.4 0.6 0.8 1
b) 14 f) g
0.1 T T T T T T T T T 0.1 T T T T T T T T T
o4

9 +Wing 1
=04F- -t 1 ~04}| Y e : E
‘0 : oWing2
] :
8
SOBF b g o5t b |
+
5 : R : + :
0.6 L . 1 L L L L : . 06 ; ; ; ; M ; ; ; ;
-t -08 -06 -04 -02 0 02 04 06 08 1 21 -08 -06 -04 -02 0 02 04 06 08 1
c) ¢ (*)] ¢
T T T T T 0.1 T T T T T T T T T

0.1 T

Lo :
-0.3f s 0 - T+ Wing 1
N o N M -
-3 wing1 ] £0 10 owimg2
; : 0.4} o Lhd 4
N ‘0
o:Wlngzz ‘o
04k S 4 ©
04 -0.5[ o b
: [e] H
[ S S S S S [P S USRS S R S S
0.2 0.4 0.6 0.8 1 h) -1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 t
¢

08 o8 06 -04 w02 0
14

d)
Fig. 4 Field pressure distributions of equivalent concorde-like wings. n = a) 0, b) 0.0297, ¢) 0.0595, d) 0.0892, ¢) 0.1189, f) 0.1486, g)

0.1784, and h) 0.2081.
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Fig. 5 Field pressure distributions of equivalent delta wings with sine tip-fairing. x = a) 0, b) 0.2, ¢) 0.4, d) 0.6, ¢) 0.8, and f) 1.

coefficient of the wing. To find the wave drag, vortex or in- with 0 defined by the variable transformation

duced drag is first calculated from the computed potential jump
along the wing trailing edge [b(y)], and it is then subtracted

from the computed pressure drag coefficient cp.
The vortex drag coefficient ¢, is evaluated by the following

formula®:
S = bco (56)

N

b2
TN na? (53)

Cp =
' S

y=cos 0 (55)

S is the wing planform area that is for the concorde-like wing

The computed velocity potential jumps along the trailing
where A, is the reduced coefficient of the sine series of the edge of the concorde-like wing models are shown in Fig. 3.
potential jump Note that they do not vanish at the tips of the wings, as should

be occurring. This may be caused by a bad behavior of the

N grids observed in wing-tip regions, associated with very large

[b(»)] = 2bU.. 2 A, sin no (54) leading-edge sweep and very small taper ratio of the computed
wings. Thus, the velocity potential jumps are set to be zero at

n=1

n=1
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the wing tips in calculating the vortex drag. With N = 40, the
results are converged to four significant figures in vortex drag
coefficient.

The computed various drag coefficients are listed in Table
3. The wave drag coefficients of wings 3 and 4 are too small
to be calculated accurately and, thus, are not included here.

IX. Verification

The computed pressure coefficients and wave drag coeffi-
cients are used to verify the transonic equivalence rule with
lift, which is expressed by Eqgs. (30) and (31) for the equivalent
wing models. Equation (30) states that the pressure coefficient
distributions in terms of the outer scaled variables are identical
in the outer flowfield. Equation (31) states that the wave drag
coefficient ratio of the two wings is equal to the reciprocal of
the corresponding \ ratio.

The computed pressure coefficients as correlated with the
scaled outer variables x, 1, and  are plotted at different ) and
x stations. Figure 4 gives the field pressure distributions around
wings 1 and 2 at x = 0.8 and various spanwise stations. Figure
5 gives the field pressure distributions around wings 3 and 4
in the symmetric plane at various x stations. It is seen that the
pressure coefficient distributions of the two wing models are
generally identical in the outer flowfield, or when  is not close
to zero.

From the computational results of Table 3, the wave drag
coefficient ratio of wings 1 and 2 is

o, 0.00977

1.77 (57)

¢, 0.00553

From the equivalence rule, it should be the reciprocal of the
corresponding A ratio of the two wings

Ao\ = 1/3 = 1.50 (58)

The computed ratio is deviated from that predicted by the
equivalence rule by 15%.

The deviations between the computational results and those
predicted by the equivalence rule may be mainly because the
designed values of parameter €, as shown in Tables 1 and 2,
are not small enough. However, it does show that the transonic
equivalence rule with lift is a good approximation for engi-
neering applications, even when ¢ is about 0.3.

X. Concluding Remarks

The transonic equivalence rule with lift has been studied
computationally using a multigrid version of the full potential

code, Flo-27. Equivalent wing models are designed such that
the assumptions made in the theoretical rule are satisfied. One
pair of equivalent wings has a concorde-like planform and the
other pair has a delta planform with sine tip-fairing. The equiv-
alent wings have different values of aspect ratio, thickness ra-
tio, and generalized camber ratio. The freestream Mach num-
ber is M.. = 0.94 for all computations. The computed outerfield
pressure distributions and wave drags of the equivalent wings
agree well with the theoretical rules, even when the small-
disturbance parameter € is as high as 0.3.
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